Some aspects of the perturbation theory for eigenvalues of unitary matrices are considered. Making use of the close relation between unitary and Hermitian eigenvalue problems a Courant-Fischer-type theorem for unitary matrices is derived and an inclusion theorem analogue to the Kahan theorem for Hermitian matrices is presented. Implications for the special case of unitary Hessenberg matrices are discussed.
Introduction
New numerical methods to compute eigenvalues of unitary matrices have been developed during the last ten years. Unitary QR-type methods 17, 8] , a divide-and-conquer method 18, 19] , a bisection method 9], and some special methods for the real orthogonal eigenvalue problem 1, 2] presented. Interest in this task arose from problems in signal processing 10, 27, 31] , in Gaussian quadrature on the unit circle 16], and in trigonometric approximations 29, 14] which can be stated as eigenvalue problems for unitary matrices, often in Hessenberg form. As those numerical methods exploit the rich mathematical structure of unitary matrices, which is closely analogous to the structure of Hermitian matrices, the methods are e cient and deliver very good approximations to the desired eigenvalues.
There exist, however, only a few perturbation results for the unitary eigenvalue problem, which can be used to derive error bounds for the computed eigenvalue approximations. A thorough and complete treatment of the perturbation aspects associated with the numerical methods for unitary eigenvalue problems is still missing.
The following perturbation results have been received so far. If U and e U are unitary matrices with spectra (U) = f j g, and ( e U) = f e j g, respectively, we can arrange the eigenvalues in diagonal matrices and e , respectively, and consider as a measure for the distance of the spectra d ( (U); ( e U)) := min P jj ? P T e Pjj ; = 2; F (1) where the minimum is taken over all permutation matrices P and the norm is either the spectral or the Frobenius norm. By the Ho man-Wielandt theorem (see, e.g. 
) := min P jj( + P T e P) ?1 ( ? P T e P)jj ; (2) where again = 2 or = F. They An interlacing theorem for unitary matrices is also presented in 13] , showing that the eigenvalues of suitably modi ed principal submatrices of a unitary matrix interlace those of the complete matrix on the unit circle (see Section 2) . In this paper we consider further aspects of the perturbation problem for the eigenvalues of a unitary matrix U. In Section 2 we show how the angles are related to the eigenvalues of the Cayley transform of U. With the aid of this relation we can give a min-max-characterization for the angles of U's eigenvalues in analogy to the Courant-Fischer theorem for Hermitian matrices. We also show that tangents of these angels can be characterized by usual Rayleigh quotients corresponding to the generalized eigenvalue problem {(I + U H )(I ? U)x = (I + U H )(I + U)x:
Furthermore we prove a Kahan-like inclusion theorem showing that the eigenvalues of a certain modi ed leading principal submatrix of U determine arcs on the unit circle such that each arc contains an eigenvalue of U. In applications unitary matrices are often of Hessenberg form. In Section 3 we recall that a unitary unreduced Hessenberg matrix H has a unique parameterization H = H( 1 ; : : : ; n ), where the re ection parameters 1 ; : : : ; n 2 C, with j i j < 1 for i = 1; : : : ; n ? 1 and j n j = 1, determine H completely. We show the implications of the results in Section 2 for the special case of unitary Hessenberg matrices. In particular it will be seen that the modi ed kth leading principal submatrix in this special case is just a H( 1 ; : : : ; k?1 ; ) where j j = 1. We discuss the dependence of the eigenvalues on this last re ection parameter . Finally Section 4 will give numerical examples which elucidate the statements proved in Section 3.
Perturbation Results for unitary Matrices
Unitary matrices have a rich mathematical structure that is closely analogous to Hermitian matrices. In this section we rst discuss the intimate relationship between unitary and Hermitian matrices which indicates that one can hope to nd unitary analogues for the good numerical methods and for the theoretical results that exist for the symmetric/Hermitian eigenvalue problem. We will adapt some eigenvalue bounds for Hermitian matrices to the unitary case.
Let be a complex unimodular number. The Cayley transformation with respect to maps the unitary matrices whose spectrum does not include , onto the Hermitian matrices. The Cayley transformation with respect to for a unitary matrix U is de ned as C(U) = {( I ? U) ? The Cayley transformation of k is the tangent of the angle k = arg(1+ k )
which is formed by the real axis and the straight line through k and ?1 :
Hence it is reasonable to de ne 
we see that the Rayleigh quotient z H Uz lies in the convex polyeder which is spanned by the eigenvalues of U. Remark 2.1 For ease of notation the above theorem and corollary are formulated for the case that = ?1 is not an eigenvalue of U. This restriction is not necessary, one can proof the corresponding statements for any cutting point 2 C; j j = 1; not an eigenvalue of U.
In 13], the Cauchy interlacing theorem for Hermitian matrices is generalized to the unitary case. The Cauchy interlace theorem shows that the eigenvalues of the k k leading principal submatrix of a Hermitian matrix X interlace the eigenvalues of X. Adapting this theorem to the unitary case, one has to deal with the problem that leading principal submatrices of unitary matrices are in general not unitary and that their eigenvalues lie inside the unit circle. With the help of Theorem 2.2 one can specify for each eigenvalue of a modi ed leading principal submatrix U k an arc on the unit circle which contains that eigenvalue. These bounds are fairly rough, especially if k is much smaller than n. This result is of theoretical nature, because in practice we are more interested in the question, whether the arc ( 1 ; 2 ) contains an eigenvalue of U or not.
The same problem arises in the Hermitian case. Lehmann and Kahan derived inclusion theorems which consider this problem (see, e.g. The following theorem states the analogous result for unitary matrices.
Theorem 2.4 Let U 2 C n n be a unitary matrix and let U be partitioned as in (6) . Let 2 C; j j = 1; be not an eigenvalue of U. De ne a unitary matrix U k as in (7) 
with k 2 C, k 2 I R + and j k j 2 + 2 k = 1, and e G n ( n ) = diag(I n?1 ; ? n ) with n 2 C, j n j = 1. 
The Schur parameters f k g n k=1 and the complementary Schur parameters f k g n k=1 can be computed from the elements of H by a stable O(n 2 ) al- (9) (11) . Let 1 ; : : : ; k be the eigenvalues of H k . Then for i = 0; : : : ; k each arc ( i ; i+1 ) on the unit circle contains at least one eigenvalue of H, where 0 = k+1 = .
Moreover,we obtain Theorem 3.3 Let H = H( 1 ; : : : ; n ) 2 C n n be a unitary upper Hessenberg matrix with positive subdiagonal elements. Then for any 2 C; j j = 1 there exists a cutting point 2 C; j j = 1 such that the eigenvalues of H k = H k ( 1 ; : : : ; k?1 ; ) and H have the interlace properties with respect to on the unit circle given by Theorem 3.1 and 3.2.
Proof : We will show that 7 ! k ( ) is an automorphism on the unit circle, this proofs the theorem. Note that for unitary upper Hessenberg matrices with positive subdiagonal elements we have j j j < 1; j = 1; : : : ; n ? 1. Hence 7 ! k ( ) is a one-to-one mapping of the unit circle onto itself. p
The statement of the above theorem can be summarized as follows : Any leading principal submatrix of a unitary upper Hessenberg matrix with positive lower subdiagonal elements can be modi ed to be unitary by replacing the last re ection coe cient with a parameter on the unit circle. No matter how this parameter is chosen, there is always a cutting point on the unit circle such that the eigenvalues of the modi ed leading principal submatrix and those of the entire matrix satisfy the interlace properties given by Theorem 3.1 and 3.2. Disregarding the cutting point and the two arcs formed with it, Theorem 3.3 implies the following corollary. For the second example a random complex number k ; j k j = 1 was chosen.
The following gure displays the same information as before. 1 MATLAB is a trademark of The MathWorks, Inc. 3.9452e-01 1.7845e+00
Comparing the actual minimal distance with the error bound one observes that the approximations are much better than the error bound predicts.
The same results can be observed for larger unitary upper Hessenberg matrices H. Moreover, one can observe that the eigenvalues of the modi ed leading principal submatrices H 0 k?1 and H 0 k interlace on the unit circle with respect to a cutting point .
Concluding Remarks
In this paper, we have proved that the angles k associated with the eigenvalues j of a unitary matrix U can be characterized by Rayleigh quotients. An inclusion theorem for the eigenvalues of symmetric matrices given by Kahan was adapted to the unitary case. We discussed the special case of unitary Hessenberg matrices, which is important for application. We proved that every arc on the unit circle formed by two eigenvalues of a modi ed kth leading principal submatrix of a unitary upper Hessenberg matrix contains an eigenvalue of the complete matrix. Results on the dependence of the eigenvalues of unitary upper Hessenberg matrices on the last re ection coe cient are given.
Parts of this paper (Section 2 and most of Section 3) rst appeared in 6]. Bohnhorst analyses the connection between a unitary matrix U and its Cayley transformation more closely with the help of structure ranks.
